An uncountable collection of arcs in S 3 is constructed, each member of which is wild precisely at its endpoints, such that the fundamental groups of their complements are non-trivial, pairwise non-isomorphic, and indecomposable with respect to free products. The fundamental group of the complement of a certain Fox-Artin arc is also shown to be indecomposable.
Introduction
At the 1996 Workshop in Geometric Topology F. D. Ancel [1] The paper is organized as follows. In section 2 we give a criterion for the fundamental group of a non-compact 3-manifold to be indecomposable and non-trivial. In section 3 we prove that the exterior of the Fox-Artin arc satisfies this criterion. In section 4 we prove a lemma about embeddings of torus knot groups in torus knot groups. In section 5 we construct the uncountable family of arcs mentioned above and verify its properties.
The author thanks Bill Banks for drawing the Fox-Artin arc which is used in Figures 1,  2 , and 3.
A Criterion for Indecomposability
Recall that a group G is decomposable if it is a free product K * L, where K and L are non-trivial. G is indecomposable if it is not decomposable. Lemma 2.1. Let {H k } k≥0 be a sequence of non-trivial, non-infinite-cyclic, indecomposable subgroups of G such that H k ⊆ H k+1 for all k ≥ 0 and G = ∪ ∞ k=0 H k . Then G is indecomposable.
Proof. Suppose G = K * L, where K and L are non-trivial. Then no non-trivial element of K is conjugate to an element of L. This can be seen as follows. Let N be the normal closure of K in G. Let p : G → G/N be the natural projection. Then there is an isomorphism q : G/N → L such that the restriction of q • p to L is the identity of L [10, pp. 101-102]. But q • p sends any conjugate of an element of K to the trivial element of L.
By the Kurosh subgroup theorem [9, 10] any subgroup of G is a free product of a free group and conjugates of subgroups of K and of L. Since H 0 in indecomposable and noninfinite-cyclic we may thus assume that it is conjugate to a subgroup of K. Similarly H 1 must be conjugate to a subgroup of K or of L. The latter cannot happen since then some non-trivial element of K would be conjugate to an element of L. Continuing in this fashion we get that each H k is conjugate to a subgroup of K. This implies that G cannot be the union of the H k since the non-trivial elements of L are excluded.
We now consider fundamental groups of non-compact 3-manifolds. For basic definitions in 3-manifold topology we refer to [5] and [6] . A 3-manifold M is ∂-irreducible if ∂M is incompressible in M . Let S and S ′ be compact surfaces such that S is properly embedded in M and S ′ either is properly embedded in M or lies in ∂M . Then S and S
Lemma 2.2. Let W be a connected, non-compact 3-manifold which can be expressed as the union W = ∪ ∞ n=−∞ X n of compact, connected, irreducible, ∂-irreducible 3-manifolds X n such that X m ∩ X n = ∅ for |m − n| > 1 and X n ∩ X n+1 = ∂X n ∩ ∂X n+1 is a compact, connected surface which is incompressible in X n and in X n+1 and is not a disk. Then π 1 (W ) is non-trivial and indecomposable.
Proof. Standard arguments show that Y k = ∪ k n=−k X n is irreducible and ∂-irreducible. It follows that π 1 (Y k ) is non-trivial, non-infinite-cyclic, and indecomposable [5, Theorem 5.2, Lemma 6.6]. The incompressibility of each X n ∩ X n+1 shows that π 1 (Y k ) injects into π 1 (M ). We now apply Lemma 2.1. a tame submanifold of a manifold.) Then π 1 (W ) ∼ = π 1 (S 3 − A), and ∂W = ∂N − ∂A is homeomorphic to an open annulus S 1 × R. It suffices to show that W satisfies the hypotheses of Lemma 2.2. In the figures which follow we do not explicitly draw N , but its presence should be understood. S 3 −∂A can be parametrized by S 2 ×R in such a way that A meets each S 2 ×[m, m+1], m ∈ Z, in three arcs as indicated in Figure 3. . . . . . .
It is natural to consider the exterior of the union of these three arcs in S 2 × [m, m + 1] and to regard W as the union of these exteriors. Unfortunately these manifolds are cubes with two handles and so are not ∂-irreducible. Instead we take S 2 ×[2n−1, 2n+1], n ∈ Z, which also meets A in three arcs, and let X n be the exterior of their union. The generic copy X of X n is then the exterior of the union of the three arcs α, β, and γ in S Proof. Irreducibility follows from the Schönflies theorem together with the fact that X is a compact, connected submanifold of S 3 with connected boundary. The strategy for proving ∂-irreducibility is to exhibit X as a double covering space of a solid torus V branched over a certain properly embedded arc δ in V . If ∂X were compressible, then by the Z 2 case [4] of the equivariant loop theorem [11] there would be a compressing disk D for ∂X such that either
where τ is the non-trivial covering translation. Let D be the image of D in V . In the first case D would miss δ. In the second case we could assume that D would meet δ in a single transverse intersection point, since otherwise D would contain the fixed point set δ of τ , and we could reduce to the first case by replacing D by a nearby parallel disk. In both cases D would be a compressing disk for ∂V in V since if ∂D = ∂E for some disk E in ∂V , then the preimage of E in X would have a component E with ∂ E = ∂ D. The proof is completed by showing that no such disk D exists.
By sliding one endpoint of each of α and of β onto γ we see that X is homeomorphic to the exterior of the graph ω in S 2 × [−1, 1] shown in Figure 5 .
This in turn is homeomorphic to the exterior V of the graph θ in S 3 shown in Figure 6 . This graph is invariant under the order two rotation τ about the simple closed curve ρ. This involution defines a branched double covering q : S 3 → S 3 . The images θ and ρ of θ and ρ are shown in Figure 7 . Figure 8 shows a regular neighborhood R of θ in S 3 and the arc δ = ρ ∩ (S 3 − Int R). Figure 9 shows R straightened by an isotopy to a standard solid torus. Figure 10 moves the point at ∞ to a finite point. Figure 11 Proof. Let U be a regular neighborhood of δ in V . Let F = ∂V − Int (U ∩ ∂V ) and M = V − Int U . It suffices to show that F is incompressible in M and that there is no properly embedded incompressible annulus G in M with one boundary component in the frontier (topological boundary) C = F r U of U in V and the other a curve in F which bounds a meridinal disk D in V with D ∩ M = G. Let E be the meridinal disk shown in Figure 11 . It meets U in a pair of disks and so meets M in a disk with two holes S. Let V 0 be the 3-ball obtained by splitting V along E and M 0 the 3-manifold obtained by splitting M along S. Then E splits δ into three arcs δ 0 , δ 1 , and δ 2 , U into the regular neighborhoods U 0 , U 1 , and U 2 of these arcs, C into the three annuli C 0 , C 1 , and C 2 , and F into the surface F 0 . See Figure 12 . Let S 0 and S 1 be the copies of S in M 0 which are identified to obtain S, where S 0 meets C 0 and S 1 meets C 1 and C 2 . Let K be the disk in M 0 shown in Figure 12 . Its boundary consists of one arc each in Figure 13 . M 0 is then obtained by attaching a 1-handle with cocore K to (S 0 ∪ C 0 ) × {1}, so it is irreducible.
We first show that S is incompressible in M . It suffices to show that S 0 and S 1 are each incompressible in M 0 . The first of these follows from our description above of M 0 as a product I-bundle with a 1-handle attached. The second follows from homology considerations.
We next show that F 0 is incompressible in M 0 . Suppose L is a compressing disk. Then ∂L separates one non-empty set of components of ∂F 0 from another. The seven possible partitions are all ruled out by a combination of homology arguments and the incompressibility of S 0 . 
For S 0 this follows from homology considerations and the incompressibility of F 0 in M 0 . For S 1 similar arguments reduce the problem to the case in which ∂L = λ ∪ µ where λ is an arc in S 1 such that ∂λ lies in S 1 ∩ F 0 and λ separates S 1 ∩ C 1 from S 1 ∩ C 2 on S 1 and µ is an arc in
Isotop L so that K and L are in general position and the arcs K ∩ S 1 and L ∩ S 1 meet in a single transverse intersection point. Then there is an arc ξ in K ∩ L joining this point to a point in K ∩ F 0 . Since M 0 is irreducible we may assume that in addition K ∩ L contains no simple closed curves. The intersection then consists of ξ and possibly some arcs η with
An isotopy of L which moves L 0 across B 0 to K 0 and then off K 0 removes η and possibly other components of K ∩ L but does not affect ξ.
Thus we may assume that K ∩ L = ξ. We now split M 0 along K to obtain M 1 , as before. This splits L into disks L 0 and L 1 either of which we can take as a compressing disk for
Finally suppose that G is an incompressible annulus in M with one boundary component in C and the other a curve in F which bounds a meridinal disk D of V such that D ∩ M = G. We may assume that the first boundary component misses S, that G is in general position with respect to S and that among all such annuli in its isotopy class G ∩ S has a minimal number of components. Then none of these components is a simple closed curve which bounds a disk in S or in G or is an arc joining the two components of ∂G.
Suppose some component κ of G ∩ S is a simple closed curve. Then we may assume that κ and G ∩ C form the boundary of a subannulus G 0 of G which lies in M 0 . If κ lies in S 0 , then for homological reasons G ∩ C must lie in C 0 . We can isotop G 0 so that it misses K. Hence G 0 lies in
. By [16, Corollary 3.2] G 0 is parallel to an annulus in (S 0 ∪ C 0 ) × {0} and so κ can be removed by an isotopy, contradicting minimality. If κ lies in S 1 , then for homological reasons G ∩ C must be in C 1 or C 2 , say Hence any component of G ∩ S must be an arc whose boundary lies in F ∩ S. Since S is ∂-incompressible rel F in M and S is incompressible in M any outermost such arc can be removed by an isotopy. Thus G ∩ S = ∅, and we may regard G as lying in M 0 . For homological reasons G ∩ C must lie in C 1 or C 2 , say C 1 . Since D is a meridinal disk of V we must have for homological reasons that ∂D splits F 0 into two components such that one contains F 0 ∩S 0 and F 0 ∩C 1 and the other contains F 0 ∩S 1 and This completes the proof of Theorem 3.1.
Embeddings of Torus Knot Groups
In this section we prove a technical result concerning embeddings of torus knot groups in torus knot groups which will be used in the next section to distinguish among the fundamental groups of the complements of a certain uncountable collection of arcs. Recall that the fundamental group of the complement of a (p, q) torus knot is the group
Lemma 4.1. Let p, q, r, and s be primes such that p < q and r < s. Then G p,q embeds in G r,s if and only if p = r and q = s.
Proof. Let Z(G) denote the center of the group G. Recall that Z(G p,q ) is an infinite cyclic group generated by x p and that G/Z(G p,q ) ∼ = Z p * Z q . Recall also that a free product of two non-trivial groups has trivial center and that any element of finite order in a free product is conjugate to an element of one of the factors. (See [10, pp. 140-141, 100-101]. ) We may assume that G p,q is a subgroup of G r,s . Let K = G p,q ∩ Z(G r,s ). Then K is a subgroup of Z(G p,q ) and is the kernel of the restriction of the natural projection G r,s → Z r * Z s to G p,q . If u ∈ G r,s , then letū denote its image in Z r * Z s .
Suppose K = Z(G p,q ). Then we have an embedding Z p * Z q → Z r * Z s . Sincex has order p it must be conjugate to an element of Z r or of Z s , hence p|r or p|s, hence since r and s are prime we have p = r or p = s. Similarly q = r or q = s. Since p < q and r < s we must have p = r and q = s. Now suppose that K is a proper subgroup of Z(G p,q ). Then it is generated by x pk for some k ≥ 0, k = 1. Let G p,q,k = G p,q /K. It embeds in Z r * Z s and has presentation x,ȳ |x p =ȳ q ,x pk = 1 . By the Kurosh subgroup theorem [9, 10] G p,q,k must be a free product of cyclic groups and so must either be cyclic or have trivial center. It thus suffices to show that neither of these is the case.
For k = 0 this group is just G p,q , and we are done. So assume k ≥ 2. Define functions f, g : Z pqk → Z pqk by f (n) = n + q mod pqk and g(n) = n + p mod pqk. Then f and g are one to one and so may be regarded as elements of the symmetric group S pqk . Define ψ : G p,q,k → S pqk by ψ(x) = f and ψ(ȳ) = g. Then ψ is well defined because f p (n) = n + pq = n + qp = g q (n) and f pk (n) = n + pkq = n mod pqk. Since ψ(x p ) = f p = id we have that Z(G p,q,k ) is non-trivial. Since G p,q,k maps onto Z p * Z q it is non-cyclic, and so we are done.
Uncountably Many Arcs
Theorem 5.1. There are uncountably many arcs A i in S 3 such that:
(1) π 1 (S 3 − A i ) is indecomposable and non-trivial.
(2) π 1 (S 3 − A i ) and π 1 (S 3 − A j ) are isomorphic if and only if i = j.
(3) A i is wildly embedded precisely at its endpoints.
Proof. We first outline the proof and then fill in the details with a sequence of lemmas. The construction of the A i will have a pattern similar to that of the Fox-Artin arc. S 3 − ∂A i will be parametrized as S 2 × R, and for each integer n we will have that A i meets S 2 × [n, n + 1] in three properly embedded arcs α n , β n , and γ n , where α n runs from S 2 × {n} to itself, β n runs from S 2 × {n + 1} to itself, and γ n runs from S 2 × {n} to S 2 × {n + 1}. These arcs will be chosen so that the exterior X n of α n ∪ β n ∪ γ n in S 2 × [n, n + 1] is irreducible and ∂-irreducible. Hence by Lemma 2.2 we will have that π 1 (S 3 − A i ) is indecomposable and non-trivial. Thus A i will be wild. It will clearly be tame at points not in ∂A i . It will be wild at both endpoints since otherwise its complement would be simply connected. (Any meridian of the arc would bound a disk consisting of an annulus which follows the arc to a tame endpoint and is then is capped off by a disk behind it. In fact it can be shown as in [2, Example 1.2] that S 3 − A i would be homeomorphic to R 3 .) A map is π 1 -injective if it induces an injection on fundamental groups; the same term is applied to a submanifold if its inclusion map has this property. The arcs will be chosen so that the interior of X n will contain a π 1 -injective submanifold Q n which is homeomorphic to the exterior of a (p n , q n ) torus knot in S 3 , where p n and q n are primes with p n < q n . It will follow from the ∂-irreducibility of all the X m that π 1 (S 3 − A i ) will have a subgroup isomorphic to π 1 (Q n ). Moreover it will be shown that any subgroup of π 1 (S 3 − A i ) which is isomorphic to a (p, q) torus knot group for primes p and q with p < q must be isomorphic to one of the π 1 (Q n ). We then let J be the set of all pairs of primes (p, q) with p < q and let 2 J be the set of all subsets of J. For each non-empty i ∈ 2 J we construct an arc A i as above such that the (p, q) torus knot subgroups of π 1 (S 3 −A i ) with (p, q) ∈ J are precisely those for which (p, q) ∈ i. It follows that π 1 (S 3 − A i ) and π 1 (S 3 − A j ) are isomorphic if and only if i = j. Since 2 J is uncountable we will be done. We next recall some terminology. Let M be a compact, connected, orientable 3-manifold. We say that M is atoroidal if every properly embedded, incompressible torus
If M is irreducible, ∂-irreducible, anannular and atoroidal, contains a 2-sided, properly embedded incompressible surface, and is not a 3-ball, then M is excellent; the same term is applied to a compact, properly embedded 1-manifold in a compact 3-manifold P if its exterior in P has these properties.
Lemma 5.2. Let
Y ′ and Y ′′ be excellent 3-manifolds. Suppose Y = Y ′ ∪ Y ′′ , where S = Y ′ ∩ Y ′′ = ∂Y ′ ∩ ∂Y ′′ is a compact surface such that S is incompressible in Y ′ and in Y ′′ , ∂Y ′ − Int S is incompressible in Y ′ , ∂Y ′′ − Int S is incompressible in Y ′′ ,
and each component of S has negative Euler characteristic. Then Y is excellent.
Proof. This is [14, Lemma 2.1].
We now construct the arcs. Let R be an unknotted solid torus in the interior of
(We say that R is unknotted if there is a properly embedded disk E in P such that ∂E ⊆ ∂R and a meridinal disk D of R such that ∂D and ∂E meet transversely in a single point.)
Lemma 5.3. There exist disjoint properly embedded arcs α, β, and γ in P such that ∂α ⊆ S 2 × {0}, ∂β ⊆ S 2 × {1}, γ has one endpoint in S 2 × {0} and the other in S 2 × {1}, and α ∪ β ∪ γ is excellent.
Proof. Let α
′ , β ′ , and γ ′ be any arcs in P whose boundaries satisfy the given conditions. By [14, Theorem 1.1] any compact, properly embedded 1-manifold in a compact, connected, orientable 3-manifold which meets each 2-sphere boundary component in at least two points is homotopic relative its boundary to a properly embedded 1-manifold which is excellent. Let α, β, and γ be the respective components of this new 1-manifold.
For those who prefer a more concrete construction of such arcs we give an alternative proof at the end of this section. Now let Q be the exterior of a (p, q) torus knot in S 3 , where (p, q) ∈ J. Glue P and Q together by identifying ∂R with ∂Q in such a way that ∂E is identified with a meridian of ∂Q. Then the union of Q and a regular neighborhood of E in P is a 3-ball, and so P ∪ Q is homeomorphic to S 2 × [0, 1]. Let Y be the exterior of α ∪ β ∪ γ in P and X = Y ∪ Q. It follows from the irreducibility and ∂-irreducibility of Y and of Q that X is irreducible and ∂-irreducible and that Q is π 1 -injective in X.
We now repeat this construction using (p n , q n ) torus knots with (p n , q n ) ∈ i to obtain α n , β n , γ n , P n , Q n , Y n , and X n contained in S 2 × [n, n + 1]. We construct an arc A i by identifying the endpoints of the arcs so that the arcs occur in the sequence . . . , γ n , α n+1 , β n , γ n+1 , . . . on A i . The exterior W i of A i then satisfies the hypotheses of Lemma 2.2, and so π 1 (S 3 − A i ) is indecomposable and non-trivial. Moreover the incompressibility of each X n ∩ X n+1 implies that each Q n is π 1 -injective in W i .
We next review some characteristic submanifold theory [6, 7, 8] , following [7] but restricting attention to the special case which we will need. We first refine our notion of parallel surfaces. A pair (M, F ) is an irreducible 3-manifold pair if M is a compact, orientable, irreducible 3-manifold and F is a compact, incompressible surface in ∂M . Let S and S ′ be disjoint compact surfaces in M such that S is properly embedded in M , S ′ is either properly embedded in M or contained in ∂M , and ∂S ∪ ∂S ′ is contained in F . We say that S and
Our old definitions of "parallel" and "∂-parallel" in M correspond to the case of F = ∂M .
The characteristic pair of the irreducible 3-manifold pair (M, ∂M ) is a certain irreducible 3-manifold pair (Σ, Φ) such that Σ ⊆ M and Σ ∩ ∂M = Φ. For its definition and proof of existence see [7, Chapter V]. We will limit our discussion to two basic issues: using (Σ, Φ) and recognizing (Σ, Φ). The property we will use is that any π 1 -injective map from a Seifert fibered space with non-cyclic fundamental group into M which is not homotopic to a map whose image lies in ∂M must be homotopic to a map whose image lies in Σ [7, p. 138 ].
We will recognize Σ by recognizing its components and using the Splitting Theorem [7, p. 157 ] to recognize the frontier F r Σ of Σ in M . The components (σ, ϕ) of (Σ, Φ) are Seifert pairs, i.e. σ is either an I-bundle over a compact surface with ϕ the associated ∂I-bundle or σ is a Seifert fibered space with ϕ a union of fibers in ∂σ. One of the properties we will need is that the inclusion map from (σ, ϕ) into (M, ∂M ) is not homotopic as a map of pairs to a map whose image lies in Σ− σ. Also the components of F r Σ are incompressible annuli and tori none of which is ∂-parallel in M though some components may be parallel in (M, ∂M ) to each other. (See the examples in [6, Chapter IX] .) A union F r * Σ of components of F r Σ such that no two components of F r * Σ are parallel in (M, ∂M ) to each other and F r * Σ is maximal with respect to inclusion among all such unions is called a reduction of F r Σ. We call the components of F r Σ − F r * Σ redundant components of Thus it must be homotopic to a map whose image lies in some component σ of Σ. In particular the image lies in the complement of Q n . Now it follows from [7, Squeezing Theorem, p. 139] or [6, Theorem IX.12 ] that Q n is actually isotopic to a submanifold of σ. This fact can be used to contradict our knowledge of the structure of Z ′ . We choose, however, to give the following somewhat more direct argument.
Let p : M k → M k be the covering map corresponding to π 1 (Q n ). There is a component Q n of p −1 (Q n ) such that the restriction Q n → Q n of p is a homeomorphism and π 1 ( Q n ) → π 1 ( M k ) is an isomorphism. It follows that π 1 (∂ Q n ) → π 1 ( M k − Int Q n ) is an isomorphism. Now the homotopy of Q n into its complement lifts to a homotopy of Q n into M k − Int Q n . This implies that π 1 (Q n ) is abelian, which is not the case.
We now suppose that π 1 (S 3 − A i ) and π 1 (S 3 − A j ) are isomorphic. Then π 1 (W i ) and π 1 (W j ) are isomorphic, where W i and W j are the exteriors of A i and A j , respectively. Since these spaces are irreducible and orientable, the sphere theorem implies that they are aspherical. Hence there is a map h : W j → W i such that h * : π 1 (W j ) → π 1 (W i ) is an isomorphism. We then restrict h to a (p, q) torus knot space arising in the construction of A j . This map is π 1 -injective. Its image lies in some M k . Since π 1 (∂M k ) has no Z ⊕ Z subgroups Lemma 5.4 implies that it is homotopic to a map whose image lies in some (r, s) torus knot space arising in the construction of A i . By Lemma 4.1 we have that (p, q) = (r, s). Thus j ⊆ i. The symmetric argument shows that i ⊆ j, concluding the proof of Theorem 5.1. Figure 14 shows a three component tangle in a 3-ball. Figure 15 shows a two component tangle in a 3-ball. By [13, Figure 16 to obtain the exterior Y of the union of the arcs α, β, and γ in the space P obtained by removing the interior of an unknotted solid torus R contained in the interior of 
